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A two-dimensional model of heat and mass transfer in the process of fractional crystallization on a band is
proposed. Algorithms for calculating the concentration of an impurity in a melt have been developed and the
impurity distributions in a diffusion layer have been obtained for the cases of linear-profile and wavy-profile
crystals on the basis of numerical experiments. It has been established that the impurity distribution is two-
dimensional in the case of a wavy-profile crystal.

Introduction. The distribution of an impurity near a growing crystal was investigated with the use of one-di-
mensional models in [1–7]. In the present work, we investigated the fractional crystallization in a band crystallizer
(Fig. 1). This crystallization is a new process proposed by researchers of the University of Bremen for fine purification
of substances [8–10].

A melt is fed on the upper part of a cooled inclined band. Then the melt runs down by the band to a lower
tank, from which it is fed again into the circulation loop. In zones 1, 2, and 3, the lower part of the band is sprayed
by water at three different temperatures. As a result of the cooling of the band, a thin crystal layer is formed in zone
3 of its surface. This crystal moves up together with the band surface, and its thickness increases with decrease in the
cooling temperature in the direction from zone 3 to zone 1. The crystal formed is removed by a scraper installed on
an upper drum. The above-described process of crystal formation as a whole is steady-state and continuous, which sub-
stantially differentiates it from the analogous known processes. It should be noted that, in this case, the purity of the
crystal can be many times higher than the purity of the melt.

A model of one-dimensional heat and mass transfer in the process of crystallization on a band has been pro-
posed in [11]. This model made it possible to optimize the fractional crystallization on a band and propose a forward-
flow scheme for it [12, 13]. One-dimensional models are simple and convenient; however, the boundaries of their use
are not always known. In the present work, a two-dimensional model of mass transfer is proposed. This model allows
one to calculate the concentration of an impurity in a melt more exactly and to determine the boundaries of applica-
bility of one-dimensional models.

Two-Dimensional Model of Heat Transfer. We will consider a stationary-profile crystal on a cooled moving
band. The thickness of the crystal δc(x) is somewhat distributed along the length of the band (Fig. 2). In this case, any
two-dimensional temperature distributions are established in the crystal and in the band (the temperature diagram in
Fig. 2 is denoted by the dotted line).

The following main assumptions will be used: 1) the temperature on the surface of the crystal is equal to its
melting point Tm calculated by the diagram of phase states at an impurity concentration c0 [6]; 2) the densities of the
crystal and the melt are equal.

Rate of Crystallization. The rates of crystallization at different points of the crystal surface are, by and large,

different. The local rate of crystallization is determined from the ratio Vc(x) = −ub
dδc

 ⁄ dx

√1 + (dδc
 ⁄ dx)2

. In practice, a crystal

layer is fairly thin and its thickness increases gradually from 0 to 3–7 mm along a length of D3 m. Therefore, the
derivative dδc

 ⁄ dx is of the order of 0.01–0.001 and the local rate of crystal growth is equal to
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Vc (x) = − ub 
dδc

dx
 . (1)

Heat Transfer in the Band–Crystal–Film System. Below are presented the main computational regions, as
well as equations and boundary conditions for the heat transfer in a film of a melt, in a band, and in a crystal.

Melt film. The heat balance for the melt flowing in the region 0 ≤ x ≤ l can be defined as

δRρV 
dT
dx

 = − α 

T (x) − Tm




 − Q0 . (2)

Introducing the characteristic thickness of the melt film ∆ = 




3ν2

g sin β




1 ⁄ 3

, we will write the known relations for the

film thickness in the following form: δ ⁄ ∆ = 0.302 Re8 ⁄ 15 for Re ≥ 400 and δ ⁄ ∆ = Re1 ⁄ 3 for Re < 400 [14, 15]. The

authors of these works also propose empirical formulas for determining the heat-transfer coefficient α = 
Nu
δ

 λ:

Fig. 1. Diagram of a band for continuous fractional crystallization: 1) power
source; 2) beginning of crystallization; 3) melt; 4) crystal; 5) cooling zone 1;
6) zone 2; 7) zone 3.

Fig. 2. Scheme of heat transfer in the process of crystallization on the band:
1) evaporation and convection; 2) melt film; 3) crystal; 4) band; 5) cooling
zone 3.
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Nu = 1.88 ,   Re < Re
∗
 = 615Pr

−0.646
 ;   Nu = 0.0614Re

8 ⁄ 15
Pr

0.344
 ,   Re

∗
 < Re < 400 ;

Nu = 0.00112Re
6 ⁄ 5Pr

0.344
 ,   400 < Re < 800 ;   Nu = 0.0066Re

14 ⁄ 15
Pr

0.344
 ,   800 < Re .

The heat losses by the convection and evaporation Q0 were determined by the author of the present work experimen-
tally by the temperature of the melt at the end point of the band.

Band. In the region 0 ≤ x ≤ l, −δb ≤ y ≤ 0

− ub 
∂Tb

∂x
 = ab 








∂2
Tb

∂x
2  + 

∂2
Tb

∂y
2







 , (3)

on the cooled side of the band, the temperature is equal to

Tb (x, − δb) = T0 (x) , (4)

and, at the band–crystal interface, the temperature distribution and the heat flow are continuous, i.e.,

Tb (x, 0) = Tc (x, 0)   and   λb 
∂Tb

∂y
 (x, 0) = λc 

∂Tc

∂y
 (x, 0) . (5)

Note that in the case where there are three cooling zones, T0(x) is a piecewise function.
Crystal. In the region 0 ≤ x ≤ l, 0 ≤ y ≤ δc(x)

− ub 
∂Tc

∂x
 = ac 








∂2
Tc

∂x
2  + 

∂2
Tc

∂y
2







 , (6)

on the melt side, the temperature is equal to the crystallization temperature

Tc (x, δc (x)) = Tm , (7)

the local rate of crystallization is related to the average temperature of the melt T(x) by the relation 

Vc (x) = − ub 
dδc (x)

dx
 = 

Qc (x) − α 

T (x) − Tm





ρcH
 , (8)

where Qc(x) = λc 
∂Tc

∂y
 (x, δc(x)) is the heat flow at the crystal boundary.

Crystal profile. In the general case, relation (8) determines the thickness of a crystal along the band. If the

band moves with a low velocity (<1 mm/sec), the longitudinal heat conduction and convection in the band and in the

Fig. 3. Profile of a crystal for l = 2.25 m: points are experimental data of the
author; curves are calculation data obtained with the use of a one-dimensional
model of heat transfer [11]. δc, mm.
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crystal can be disregarded. In this case, the formula for the one-dimensional (transverse) heat transfer Qc(x)  =

[Tm − T0(x)]/




δc(x)
λc

 + 
δb

λb




 can be used, and the crystal profile is determined by the ordinary differential equation

ρcHub 
dδc (x)

dx
 = Nu λ 

T (x) − Tm

δ
 − 

Tm − T0 (x)
δc (x)
λc

 + 
δb

λb

 .

Figure 3 shows a wavy crystal profile typical for the zonal cooling.
Two-Dimensional Model of Mass Transfer. We will consider the mass transfer in the melt layer near the

surface of a crystal. The concentration of an impurity in this layer is conveniently determined with the use of a cur-
vilinear orthogonal coordinate system. In this system, the coordinate lines x = const coincide with the normals to the
surface of the crystal and the line y = 0 coincides with this surface. The quantity y characterizes the distance to the
crystal surface.

Similarity between Heat Transfer and Diffusion. The heat flow from a melt film to a crystal can be defined

as q = α[T(x) − Tm]. On the other hand, this flow can be expressed in terms of the characteristic size δh as q =

λ
δh

[T(x) − Tm]. Comparison of these expressions shows that δh = δ/Nu. This quantity determines the thickness of the

layer in which the main heat transfer proceeds. At large Reynolds numbers, this thickness is equal to the thickness of

the boundary layer. In the present investigation, the value of δh C 10−3 m is used. It is known that, in the process of

crystal growth, an impurity is forced out to the melt; because of this, the impurity concentration near the crystal sur-
face is higher than the impurity concentration in the main mass of the melt. This excess impurity is carried out from
the diffusion layer as a result of the diffusion, is picked up by the high-velocity part of the melt flow, and is carried
along the band. An impurity-concentration gradient gives rise to a mass transfer in the diffusion layer. The dimension-
less concentration gradient is called the Sherwood number. The thickness of the diffusion layer, in which the main
mass transfer proceeds, is determined on the basis of the known similarity between the heat transfer and the mass
transfers, according to which:

δd = δh 


Nu
Sh




 = δh 



Pr
Sc





0.344

 = δh 


D
a

 m
∗



0.344

 . (9)

Since, for a typical crystallization, a F 10−7 m2/sec, D F 10−10 m2/sec, and m∗ F 1 in the last-mentioned formula, the
thickness of the diffusion layer is several tens of times smaller than the thickness of the layer in which the main heat
transfer proceeds and is of the order of 10−4 m.

Velocity Distribution in the Diffusion Layer. Since the thickness of the diffusion layer is several tens of
times smaller than the thickness of the heat-transfer layer, it may be suggested that the distribution of the velocity
field along y is practically linear within this layer, i.e., 

Vx (y) = 
τ0

µ
 y , (10)

where τ0 = ρgδ sin β is the shear friction stress compensating the projection of the weight of the melt film on the
flow direction x. A method for more exact estimation of the velocity profile is described in [16].

Convection and Diffusion of an Impurity. The concentration of an impurity in the diffusion layer 0 < x < l,
0 < y < δd is determined in the first approximation from the equation

Vx (y) 
∂c

∂x
 − Vc (x) 

∂c

∂y
 = D 











∂2
c

∂x
2
 + 

∂2
c

∂y
2










 . (11)
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It is assumed that, in Eq. (11), the velocity of the melt flow along y is equal in value to the local rate of crystal
growth and is in opposition to it.

Boundary conditions. It may be assumed that, beyond the diffusion layer, the impurity is distributed homoge-
neously along the y coordinate. Moreover, since, in the case of fractional crystallization, the mass rate of a melt is
usually much higher than the mass rate of a crystal, it may be suggested that the impurity concentration beyond the
diffusion layer is practically constant and is equal to that in the feeding melt. Therefore, it is natural to assume that,
at the diffusion-layer boundary y = δd,

c (x, δd) = c0 . (12)

The following boundary condition can be set at the crystal–melt interface (y = 0) [1, 6]:

(k0 − 1) Vc (x) c = D 
∂c

∂y
 . (13)

The boundary condition at the point of melt feed x = 0 has the form

c (0, y) = c0 . (14)

Diffusion-Layer Approximation. Let us introduce the dimensionless spatial coordinates x∗ = x/l, y∗ = y/δd and
the concentration c∗ = c ⁄ c0. Omitting the asterisk and using the linear approximation (10) of the longitudinal velocity
of the melt, we obtain, from (11), the following equation:

1

Pe (x)
 y 

lx

l
 
∂c

∂x
 − 

∂c

∂y
 = 

1

Pe (x)
 














δd

l





2

 
∂2

c

∂x
2 + 

∂2
c

∂y
2










 , (15)

where Pe(x) = Vc(x)δd/D is the Peclet number;

lx

∆
 = 3 

ν

D
 




δc

δ





3

 




δ

∆





4

 F 3 
ν

a
 

1

Nu
3
 




δ

∆





4

(16)

is the dimensionless characteristic length. The coefficient of ∂2c ⁄ dx2 in (15) is always much smaller than unity. For
example, for typical values of δd F 10−4 m and l F 3 m, we will obtain (δd

 ⁄ l)2 F 10−9. This means that the diffusion
along the melt flow can be disregarded and it is appropriate to use, instead of (15), the following equation:

1

Pe (x)
 y 

lx

l
 
∂c

∂x
 − 

∂c

∂y
 = 

1

Pe (x)
 
∂2

c

∂y
2 . (17)

The boundary conditions (12)–(14) can be rewritten in the dimensionless form

c (x, 1) = 1 ,   (k0 − 1) c (x, 0) = 
1

Pe (x)
 
∂c

∂y
 (x, 0) ,   c (0, y) = 1 . (18)

Results of Simulation. On the basis of the mass-transfer model, we numerically investigated the concentration
distribution of an impurity in a diffusion layer.

Numerical Scheme. Problem (17), (18) is analogous from the mathematical standpoint to the problem on
membrane purification and is solved by the finite-difference method [17]. A four-node (T-like) pattern with three nodal
values of the next layer, expressed in terms of the previous central one, is used. In each layer x, the concentration dis-
tribution transverse to the diffusion layer is calculated by an implicit scheme. Below are results of simulation per-
formed for a linear-profile and wavy-profile crystals.
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Constant Rate of Crystal Growth. A linear profile of a crystal is considered as optimum. According to (1),
the rate of growth of a linear-profile crystal remains unchanged along the band. Because of this, the second boundary
condition (18) does not lead to the appearance of a longitudinal concentration gradient, and the single reason for its
appearance is the transient process near the point of melt feed. It is known [6] that many organic and inorganic sys-
tems are well purified when the rate of crystal growth does not exceed Vc(x) F 0.25⋅10−5 m/sec. Therefore, calcula-
tions were performed for these values. Numerical investigations have shown that there exists a transient region in
which the concentration distribution of an impurity is two-dimensional. Figure 4 shows dimensional constant-concentra-
tion lines of an impurity in a melt. The length of the indicated region is equal to the characteristic length lx, deter-
mined by relation (16). Beyond the transient region the diffusion process is practically one-dimensional.

Figure 5 presents the dependence of the dimension of the transient region (16) on the Reynolds number. For
example, ∆ F 0.6 mm for ν = 2⋅10−5 m2/sec and β = 40o. For Re = 20 and ν ⁄ a = 34, lx = 0.51 m at Pr = 100 and
lx = 0.33 m at Pr = 300.

Variable Rate of Crystal Growth. It is difficult, from the technological standpoint, to obtain the linear-profile
crystal considered above because, in this case, the intensity of cooling of a band should be continuously changed. It
is much simpler to realize a sectionally continuous cooling (Fig. 1). In the case of such a cooling, a wavy-profile crys-
tal is obtained at ub < 1 mm/sec (Fig. 3). Because of the nonlinearity of the crystal profile, the rate of crystal growth
can vary significantly along the length of the band (by three to eight times). In this case, the second boundary condi-

Fig. 4. Concentration of an impurity in a melt in the case of a linear-profile
crystal for k0 = 0.02, δd = 0.08 mm, and Vc = 0.25⋅10−5 m/sec.

Fig. 5. Dependence of the transient-zone dimension on Re.
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tion (18) leads to the appearance of large longitudinal concentration gradients, with the result that the concentration
fields become not one-dimensional. The dimensionless constant-concentration lines of an impurity in a melt, presented
in Fig. 6, are evidence in favor of the two-dimensional mass transfer.

Conclusions. The results of our numerical investigation of the concentration distribution of an impurity near
a crystal formed on a band indicate that this distribution is mainly determined by the shape of the crystal. The impu-
rity distribution is practically one-dimensional for a linear-profile crystal. This distribution is two-dimensional only in
the transient region. The formula proposed in the present work for estimating the dimension of the transient zone al-
lows one to determine the boundaries of applicability of the one-dimensional approach. In the case of a wavy-profile
crystal, the concentration field of the impurity is two-dimensional everywhere.

NOTATION

a = λ ⁄ Rρ, thermal diffusivity; c0 and c, initial and current concentrations of an impurity in a melt; c∗ =
c ⁄ c0, dimensionless concentration of the impurity; D, diffusion coefficient; g, free fall acceleration; H, latent heat of
crystallization; k0, imaginary coefficient of impurity distribution; l, total length of the crystallization zones; lx, length
of the transient zone; m∗, ratio between the molar masses of the impurity and the melt; Nu = α(δ ⁄ λ), Nusselt num-
ber; Pe, Peclet number; Pr = νρR ⁄ λ, Prandtl number; Q0, heat-loss power density on the free surface of the melt;
Qc(x), heat outflow at the crystal–band interface; Re = Vδ ⁄ ν, Reynolds number; R, specific heat capacity; Sc =
m∗νρ ⁄ D, Schmidt number; Sh, Sherwood number; Tm, temperature of melting (crystallization) of the melt; T(x), av-
erage temperature in the cross section of a melt film; T0(x), temperature of the cooled surface of the band; Tb and
Tc, temperature of the band and the crystal; ub, velocity of the band; V, velocity of the melt film averaged over its
thickness; Vx(y), transverse distribution of the longitudinal velocity component of the melt film; Vc(x), rate of crystal
growth; x and y, longitudinal and transverse coordinates of the crystal; α, coefficient of heat transfer between the
crystal and the melt; β, angle of inclination of the band; δb, δ, and δc(x), thickness of the band, the melt, and the
crystal; δh and δd, thickness of the heat-transfer and diffusion layers; ∆, characteristic thickness of a melt film; λ,
heat-conductivity coefficient; µ and ν, dynamic and kinematic viscosities; ρ, density. Subscripts: b, band; d, diffu-
sion; c, crystal; m, melting; h, heat transfer.
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